Abstract. We consider the C 2 set of C 2 diffeomorphisms of the 2-torus T 2 , provided the conditions that the tangent bundle splits into the directed sum T T 2 = E s ⊕ E u of Df -invariant subbundles E s , E u and there is 0 < λ < 1 such that Df | E s < λ and Df | E u ≥ 1. Then we prove that the set is the union of Anosov diffeomorphisms and diffeomorphisms approximated by Anosov, and moreover every diffeomorphism approximated by Anosov in the C 2 set has no SBR measures. This is related to a result of Hu-Young.
We know that Anosov diffeomorphisms are structurally stable (Anosov [A] , Robbin [R1] and Robinson [R2] ) and have an SBR measure (Sinai [S1] ). Recently HuYoung [H-Y] showed that a special diffeomorphism g of the 2-torus T 2 , provided the condition that for x ∈ T 2 there are 0 < λ < 1 and a continuous splitting Let Diff 2 (T 2 ) be a set of C 2 diffeomorphisms on the 2-torus imposed with the C 2 topology. A diffeomorphism f : T 2 → T 2 is called Anosov if f has a hyperbolic structure on all of T 2 (cf. [S2] ). We denote as A (T 2 ) the open set of Anosov diffeomorphisms. Then A(T 2 ) is a proper subset of the set θ 2 of diffeomorphisms such that (iii) the tangent bundle T T 2 splits into the directed sum T T 2 = E u ⊕ E s of invariant subbundles E u and E s , and (iv) there exist a C ∞ Riemannian metric · and 0 < λ < 1 such that
Our aim is to investigate the dynamical properties of diffeomorphisms belonging to θ 2 \ A(T 2 ). More precisely we state them as follows.
Theorem A. Each diffeomorphism belonging to θ 2 \ A(T 2 ) is approximated by Anosov diffeomorphisms, and it has no SBR measures.
The conclusions will be obtained in proving the following three propositions.
Proposition B. Let f ∈ θ
2 \ A(T 2 ). Then the set Λ defined by
has the following properties: 
By Proposition B we can easily check that the following are equivalent: (e) Λ is a finite set, (f) f is expansive, i.e. there is a constant e > 0 such that
By making use of the above metric ||| · |||, we have the following:
Proposition C tells us that every f ∈ θ 2 is homotopic to an Anosov diffeomorphism. Thus there exists a hyperbolic toral automorphism homotopic to f , and so f is semi-conjugate to the toral automorphism (see [A-H] 
The second statement of the corollary follows from the fact that every expansive homeomorphism on the 2-torus is topologically conjugate to a hyperbolic toral automorphism (cf. [H] ).
For the proof of Proposition D we need the conclusion of Proposition B and the technique in [H-Y] .
Before starting the proof of Theorem A we give the notations and the definitions that we need. Let f ∈ Diff 2 (T 2 ) and µ be an f -invariant Borel probability measure of T 2 . The measure µ is called a Sinai-Bowen-Ruelle measure (SBR measure for abbreviation) if for µ-almost all x ∈ T 2 there exist v ∈ T x T 2 and a number λ(x) > 0 satisfying (A) (B) µ has a conditional measure that is absolutely continuous (with respect to the Lebesgue measure) on unstable manifolds, which is defined as follows: If ξ is a measurable decomposition of T 2 , then a family {µ ξ x |x ∈ T 2 } of Borel probability measures exists, and it satisfies the following conditions:
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The family {µ ξ x |x ∈ T 2 } is called a canonical system of conditional measures for µ and ξ (see [R3] for more details).
Whenever f has the condition (A), then a set
2 is said to be subordinate to unstable manifolds if for µ-almost all x in T 2 the following conditions hold:
Let x ∈ T 2 and m u x denote the Lebesgue measure of W u (x). Then a Borel probability measure µ is called an absolutely continuous conditional measure on unstable manifolds provided the condition that each µ ξ x in a canonical system of conditional measures is absolutely continuous to m u x for µ-almost all x in T 2 if ξ is a measurable decomposition that is subordinate to unstable manifolds. It is known (see [S1] , [B] , [L] ) that every Anosov diffeomorphism has a unique SBR measure.
Proof of Proposition B.
It is clear that Λ is a f -invariant closed set. Thus, to obtain (a) it suffices to show that Λ is nonempty. Since f is not Anosov, for η > 1 and N ≥ 1 there exists
Indeed, if this is false, then we can find η 0 > 1 and
Put C = η
Since η 1 and C are independent of x in T 2 , f is Anosov. This is a contradiction.
denote the natural projection and put e j = Dπ( ∂ ∂xj ) for j = 1, 2. Since f is of C 2 , we remark that for i ∈ Z and j = 1, 2,
and define a C 1 Riemannian metric ||| · ||| on T T 2 by
Then it is easily checked that ||| · ||| satisfies Proposition B (d).
To show (b) we take a covering mapπ :
, for simplicity we replacef 2 andĒ σ by f and E σ respectively. Then we can construct a C 0 vector field X σ : T 2 → E σ (σ = s, u) which has no singularities. From the definition of E s it follows that X s is a C 1 vector field. This is checked by using the ideas in the proof of Theorem 6.3 in [H-P] . Thus a C 1 foliation of
curve which is homeomorphic to R, and has the properties that
We need a C 0 -foliation of u-direction on T 2 later. To construct it we must use the splitting
which is called a dominated splitting of T T 2 . The splitting is obtained from (iv) in the definition of θ 2 . Though the correspondence x → E u x is continuous, by the dominated splitting it is ensured (see [M] ) that there exists a family {W u ε (x)|x ∈ T 2 } of C 2 arcs satisfying the conditions:
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and thus
. Repeating this manner, we have
Using the fact that Df
This is a contradiction.
Since the integral curve γ x is unique, a C 0 foliation of u-direction, F u , is constructed. Denote as W u (x) the leaf containing x in F u . Then it follows that
Proof. We first prove the lemma when W u (x) is homeomorphic to R. Since the length of W u (x), (W u (x)), is infinite, we can find If γ is not zero-homotopic, we then obtain the conclusion of Lemma 2. Indeed, let y ∈ T 2 . By the assumption, T 2 \γ is homeomorphic to an annulus. If W s (y) does not intersect to γ, we then have a contradiction since the existence of a periodic solution of X s in T 2 \ γ is ensured by the Poincaré-Bendixon theorem (Figure 1 ). Thus it suffices to prove that γ is not zero-homotopic. If it is false, then there exists a 2-disk D in T 2 such that the boundary of D is equal to γ. Since a C 1 vector field X s : D → E s has no singular points, there is a periodic solution in D by the Poincaré-Bendixon theorem. This contradicts the fact that each leaf in F s is homeomorphic to R.
When W u (x) is a closed curve, we obtain also the conclusion of the lemma. Proof. We first prove that W u (x) is homeomorphic to R. If this is false, then there exists z ∈ T 2 such that W u (z) is homeomorphic to a circle. Since Df
Let α(z) denote the set of α-limit points of z. Take and fix w ∈ α(z). Then we have (W u (f n (w))) = (W u (w)) for n ∈ Z, and so W u (w) is contained in Λ. By Lemma 2 we can take
) for some n > 0, and thus f n (z 2 ) = f n (z 1 ). This is a contradiction. Let x, y ∈ T 2 and let U be a small neighborhood of y. To show the density of
In a way similar to the proof of Lemma 2, we have
We remark that Lemma 3 is not true for W s (x).
for n ≥ 0, clearly
Since F s is a C 1 foliation of T 2 , we easily have the following:
where m is the Lebesgue measure of T 2 .
Let C(x) denote the connected component of x in Λ.
Obviously U is open and f −n (U ) is the arcwise connected component of f −n (w) in T 2 \ cl (W s (z)) for every n > 0. Then we have two cases:
For (5) we have ∞ n=0 m(f −n (U )) = ∞. Indeed, from Lemma 3 it follows that the length of the arcwise connected component I of w in W u (w) ∩ U is finite. Let w be one of the end points of I. Since U is open, w must belong to cl (W s (z)) ⊂ Λ. Thus Lemmas 4 and 5 ensure that
When (6) holds, we also have m(U ) = ∞. Indeed, let I and w be as above. Since f is orientation preserving, we have f
, and so there exists a unique fixed point p ∈ W s (w ) of f −n0 . Without loss of generality we suppose that p = w . Then w is not a periodic point. Thus, for r > 0 small enough we have
and thus by Lemmas 4 and 5
In any case we have m(T 2 ) = ∞. This is a contradiction.
Lemma 6 tells us that C(x) is either a single point, or a C 2 arc in W u (x). We remark that (C(x)) is finite. This follows from the fact if (C(x)) is infinite then cl(C(x)) = T 2 by Lemma 3. Therefore the second statement of Proposition B (b) was proved.
Since Df | E u y = 1 for y ∈ C(x), the length of C(x) is f-invariant. Then, using the next lemma, it follows that f m(x) | C(x) is the identity map of C(x). This implies Proposition B (c).
Proof. We first prove the lemma for the case when C(x) is a C 2 arc. To see so let y be one of the end points of C(x) in W u (x). It is clear that α(y) ⊂ Λ. If we establish that α(y) is finite, then each element belonging to α(y) is periodic. Thus there is z ∈ α(y) such that y ∈ W u (z). Then we have y = z. Indeed, if y = z and f −i (z) = z, then we have that for k > 0
Thus we have d u (y, z) = ∞ by Lemma 4 since k is arbitrary. This is a contradiction. Therefore y is periodic. Let m be the period of y by f . Then f m (C(x)) = C(x) since y is an end point of C(x), and since the length of C(x) is f-invariant. Thus it suffices to prove that α(y) is finite.
We first prove that α(y) is totally disconnected. If this is false, then there exists 
for ε > 0 small enough (Figure 2 ). Indeed, if z is a periodic point, then we have y ∈ W u (z) since α(y) and the orbit of z agree when y ∈ W u (z), and since α(y) is infinite by the assumption. Thus {α(y) ∩ W s (z)} \ {z} is nonempty, then we can take a non-periodic point from the set. Notice that f −n (z) ∈ W s (z) (n > 0) for sufficiently small > 0. For simplicity put I z = I i z . Take and fix τ > 0 small enough. We define
, thus contradicting (7). Since R n ∩ R m = ∅ for all n = m, by Lemmas 4 and 5,
But this is impossible. Therefore α(x) is finite. When C(x) is a single point, we also obtain the conclusion of the lemma.
To complete the proof of Proposition B it suffices to show that Λ splits into the union of finite connected sets. To obtain it suppose the cardinality of {C(x)|x ∈ Λ} is infinite. If {x i } is an infinite sequence in Λ and x i → x as i → ∞, then x is also a periodic point by Proposition B (c) .
If x i ∈ W u (x) for some i, then x and x i are joined by a C 2 arc I in W u (x). Since Df −1 | E u ≤ 1, we have (f −n (I)) ≤ (I) for n > 0. Thus, (f n (I)) = (I) for all n ∈ Z because x i and x are periodic points. This implies that C(x i ) = C(x).
Figure 3
Since the cardinality of {C(x)|x ∈ Λ} is infinite, we may assume that x i ∈ W u (x) for all i.
Since x i ∈ W u (x) for all i ≥ 0, we can find y ∈ W s (x) such that y ∈ Λ and y = x. Then y ∈ Λ is not a periodic point. This contradicts Proposition B (c). Therefore Λ is expressed as the union of finite connected sets.
Proof of Proposition C. Let Λ be as in Proposition B. We give the proof of Proposition C for the case when Λ is a C 2 arc. When Λ is a single point, or in general, then the conclusion is obtained in a similar argument.
For x ∈ T 2 and r > 0 we define W u r (x) = {y ∈ W u (x)|d u (x, y) ≤ r}. Since Λ is a C 2 arc which is tangential to E u , Λ is expressed as Λ = W (x ∈ R η ). (9) Then we can construct a one-parameter family ϕ t : T 2 → T 2 (t ∈ [0, 1]) which satisfies the following:
(10) ϕ t is a C 2 diffeomorphism for t ∈ [0, 1], (11) d 2 (ϕ t , id) → 0 as t → 0 where d 2 and id denote a C 2 metric and the identity map respectively, (12) ϕ t (x) = x for t ∈ [0, 1] and x ∈ R η , (13) for t ∈ (0, 1], ϕ t (W u r+η (x 0 )) = W u r+η (x 0 ) and |||D x (ϕ t • f )| E u ||| > 1 (x ∈ W u r+η (x 0 )) (Figure 3) . Put f t = ϕ t • f for t ∈ [0, 1]. Clearly f t is a C 2 diffeomorphism for t ∈ [0, 1] (by (10)) and f is approximated by {f t } with respect to the C 2 topology (by (11)).
